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Abstract.
Conformally flat spacetimes with an elastic stress energy tensor having diagonal
trace-free anisotropic pressure are investigated using 1+3 formalism. The 1+3
Bianchi and Jacobi identities and Einstein field equations are written for a
particular case with a conformal factor dependent on only one spatial coordinate.
Solutions with non null anisotropic pressure are obtained.
1 Introduction
The theory of elasticity in the context of general relativity was developed in the
mid twentieth century. The need for such a theory came in the late 1950s with
Webers bar antenna for gravitational waves [1], in order to explain how these
waves interact with elastic solids. Actually, for this phenomena the weak-field
approximation was sufficient in the treatment of the problem given by Weber.
Only in 1973, in a paper by Carter and Quintana [2], did a fully developed non-
linear theory of elasticity adapted to general relativity appear, remaining to this
day a standard reference in the field, although the basic theoretical framework of
this theory had already been given by Souriau in [3]. Also before the article by
Carter and Quintana, work by Maugin made considerable contributions to the
field [4]-[5]. Lately, the theory of elasticity in general relativity was reconsidered
by Magli and Kijowski [6]-[7] and Christodoulou [8], in this work they explore
the gauge character of relasticity. Authors such as Beig and Schmidt, have
proven several existence and uniqueness theorems [9]. More recently, Karlovini
and Samuelsson have given a self contained formulation of general relativistic
elasticity in [10]. They applied the theory of elasticity to spherically symmetric
space-times and studied radial and axial perturbations [11]-[13]. Park [14] estab-
lished existence theorems for spherically symmetric static solutions for elastic
1
bodies and Brito, Carot and Vaz [15] have obtained static shear-free and non-
static shear-free solutions for spherically symmetric elastic spacetimes. Calogero
and Heinzle [16] studied the dynamics of Bianchi type I elastic spacetimes.
In this work we study a very simple elastic model with a diagonal trace-free
anisotropy pressure tensor using the 1+3 extended frame approach and follow-
ing the notation given in Uggla [17]. We note that work on the covariant 1+3
splitting of fluid spacetime geometries was first initiated by Eisenhart and Synge
and continued by Go¨del, Raychaudhuri and other authors such as Schu¨cking,
Ehlers, Sachs and Tru¨mper (related references [18], [19], [20], [21]). In the paper
by Uggla the basic dynamical equations of the extended 1+3 orthonormal frame
approach are explicitly given in terms of variables that are naturally adapted
to the 1+3 structure, and they include the Bianchi and Jacobi identities, the
Einstein field equations and the commutators. This formulation is analogous
to the Newmann Penrose approach [22] in the sense that a null congruence is
replaced by a timelike congruence. The general properties of the 1+3 orthonor-
mal frame can be found in books such as Wald [23] and Felice and Clarke [24]
and in Edgar [25]. Several applications have been discussed in Pirani [26], Ellis
[27] and MacCallum [28]. A more complete list of references can be found in
[17].
The organization of this paper is as follows. In section 2 we outline the theory
of the 1+3 formalism and present the 1+3 split of the commutators, curvature
variables and their field equations, namely Bianchi and Jacobi identities and
Einstein filed equations. We will follow the same notation convention for tensor
indices as used in [17]. Spacetime coordinate tensor indices will be denoted by
letters from the second half of the Greek alphabet (µ, ν, ρ, ... = 0 − 3) while
spatial coordinate indices are represented by letters from the second half of
the Latin alphabet (i, j, k, ... = 1, ..., 3). Orthonormal frame indices will be
denoted by letters from the first half of the Latin alphabet (a, b, c, ... = 0, ..., 3)
while spatial frame indices are chosen from the first half of the Greek alphabet
(α, β, γ, ... = 1− 3). In section 3 we give a summary of the theory of relativistic
elasticity. In section 4 we study conformally flat spacetimes with a conformal
factor that depends only on one spatial coordinate with an elastic source given
by a diagonal trace-free anisotropic pressure tensor with only one independent
component, using the 1+3 formalism. We calculate the 1+3 equations for a
very simple case and determine solutions with non null anisotropic pressure.
2 1+3 Formalism
When studying a dynamical model in general relativity possessing an energy-
momentum-stress tensor with a timelike eigendirection, for example perfect flu-
ids, the associated timelike vector field u on the spacetime (M, g) determines
the projection tensors U and h, which project parallel and orthogonal to u in
the tangent space at each point p ∈ (M, g), respectively. u is chosen to be a
unit timelike vector:
2
uµu
µ = −1, (1)
and the projection tensors U and h are defined by
Uµν = −uµuν , (2)
hµν = δ
µ
ν + u
µuν . (3)
Due to the existence of this singled out timelike direction u a covariant 1+3
tensor decomposition of all geometrical objects of physical value can be made
using U and h.
We will denote a covariant derivative by ∇ and the totally antisymmetric
permutation tensor by ηµνρσ .
The well known kinematical fields associated with the timelike congruence
u are defined by
u˙µ = hµνu
ρ∇ρuν , (4)
Θ = hµν∇µuν , (5)
σµν = [h
ρ
(µh
σ
ν) −
1
3
hµνh
ρσ](∇ρuσ), (6)
ωµν = −hρ[µhσν](∇ρuσ), (7)
where u˙µ is the acceleration vector, Θ the rate of expansion scalar, σµν is the
rate of shear tensor and ωµν is the vorticity tensor. Note that σµν is symmetric
and tracefree and ωµν is anti-symmetric. The magnitude of the rate of shear σ,
the vorticity vector ωµ and the magnitude of the vorticity ω are defined as
σ2 =
1
2
σµνσ
µν , (8)
ωµ =
1
2
ηµνρσωνρuσ, (9)
ω2 =
1
2
ωµνω
µν = ωµω
µ. (10)
The vector field u is hypersurface forming if ω = 0.
In the orthonormal frame approach one chooses at each point of the space-
time manifold (M, g) a set of four linearly independent 1-forms ea such that the
line element is given by
ds2 = ηabe
aeb, (11)
where ηab = diag[−1, 1, 1, 1] is the constant Minkowskian frame metric. The
vectors ea represent the dual basis.
In the 1+3 orthonormal frame formalism one aligns the timelike direction
of the orthonormal frame with the tangent of the preferred timelike congruence
(e0 = u).
3
2.1 Commutators
The commutator functions are defined by
[ea, eb] = γ
c
abec, (12)
where the frame vectors ea act as differential operators on geometrical objects.
The Ricci rotation coefficients Γabc can be written in terms of the commutation
functions as
γabc = Γ
a
cb − Γabc. (13)
The commutator functions with one or two indices equal to zero can be ex-
pressed in terms of the frame components of the kinematic quantities associated
with the timelike congruence. The angular velocity Ωa is defined by
Ωa =
1
2
ηabcdeb · ∇u(ec)ud. (14)
The purely spatial components of the commutation functions γαβγ can be
decomposed [29], depending on aα and nαβ , by means of
γαβγ = 2a[βδ
α
γ] + ǫβγδn
δα, (15)
where nαβ is symmetric and ǫβγδ is the totally antisymmetric three-dimensional
permutation tensor.
The commutators are given by expressions for γabc and their 1+3 decompo-
sition results in the following equations
[e0, eα] = u˙αe0 − [ 1
3
Θδβα + σ
β
α + ǫ
β
αγ(ω
γ − Ωγ)]eβ (16)
[eα, eβ] = −2ǫαβγωγe0 + [2a[αδγβ] + ǫαβδnδγ ]eγ . (17)
2.2 Curvature variables and their field equations
The relation between the Riemann curvature tensor and the Ricci rotation co-
efficients is given by
Rabcd = ec(Γ
a
bd)− ed(Γabc) + ΓaecΓebd − ΓaedΓebc − Γabeγecd, (18)
and the 16 Jacobi identities become
Ra[bcd] = 0; Rabcd = Rcdab. (19)
The Einstein field equations with a non zero cosmological constant can be
written as
Rab − 1
2
Rgab + Λgab = Tab, (20)
4
and the 1+3 decomposition of the energy-momentum-stress tensor Tab with
respect to the timelike vector field u in the fluid description of phenomena of a
matter source is given by
Tab = µuaub + 2q(aub) + phab + πab, (21)
where µ denotes the total energy density scalar, p denotes the isotropic pres-
sure scalar, qa denotes the energy current density vector, and πab denotes the
anisotropic pressure tensor. Note that
qau
a = 0; πabu
b = 0; πaa = 0; πab = πba. (22)
The matter fields need to satisfy an appropriate thermodynamical equation
of state in order to describe the physics of the underlying fluid spacetime geom-
etry under consideration.
The completely tracefree Weyl conformal curvature tensor is defined by
Cabcd = R
ab
cd − 2δ[a[cRb]d] +
1
3
Rδa[cδ
b
d]. (23)
When there is a singled out timelike direction u, it is convenient to decom-
pose the Weyl tensor into its electric part given by
Eab = Ccedfh
c
au
ehdbu
f , (24)
and magnetic part
Hab =
∗Ccedfh
c
au
ehdbu
f , (25)
where ∗Cabcd is the dual of Cabcd defined by
∗Cabcd =
1
2
ηab
efCefcd. (26)
The electric and magnetic tensors are symmetric and tracefree and satisfy
Eabu
b = Habu
b = 0 and lead to the expression
Cabcd = [4δ
[a
eδ
b]
fδ
g
[cδ
h
d] − ηabefηghcd]Eegufuh
−2[ηabefδg [cδhd] + δ[aeδb]fηghcd]Hegufuh. (27)
Considering equation (23) and using (20), (21) and (27) we obtain the fol-
lowing expression for the Riemann curvature tensor
Rabcd = [4δ
[a
eδ
b]
fδ
g
[cδ
h
d] − ηabefηghcd]Eegufuh
−2[ηabef δg [cδhd] + δ[aeδb]fηghcd]Hegufuh
+2δ[a[c[(µ+ p)u
b]ud] + q
b]ud] + u
b]qd] + π
b]
d]]
+
2
3
(µ+ Λ)δa[cδ
b
d]. (28)
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Inserting expression (18) for the Riemann tensor into the left hand side of
(28) one obtains the 10 Einstein field equations, the 16 Jacobi identities and
expressions for Eαβ and Hαβ in terms of the basis variables
{Θ, u˙α, σαβ , ωα, Ωα, aα, nαβ , µ, p, qα, παβ},
and their e0 and eα frame derivatives.
Einstein field equations
e0(Θ) = −1
3
Θ2 + (eα + u˙α − 2aα)(u˙α)− 2σ2 + 2ω2
−1
2
(µ+ 3p) + Λ, (29)
e0(σ
αβ) = −Θσαβ + (δγ(αeγ + u˙(α + a(α)(u˙β)) + 2ω(αΩβ) + παβ
−⋆Sαβ − 1
3
δαβ [(eγ + u˙γ + aγ)(u˙
γ) + 2ωγΩ
γ ]
+ǫγδ(α[2Ωγσ
β)
δ − nβ)γ u˙δ], (30)
0 = µ− 1
3
Θ2 + σ2 − ω2 − 2ωαΩα − 1
2
⋆R+ Λ, (31)
0 = (eβ − 3aβ)(σαβ)− 2
3
δαβeβ(Θ) + n
α
βω
β + qα
−ǫαβγ [(eβ + 2u˙β − aβ)(ωγ) + nβδσδγ ], (32)
where
⋆Sαβ = e(α(aβ)) + bαβ −
1
3
δαβ [eγ(a
γ) + bγγ ]
−ǫγδ(α(e|γ| − 2a|γ|)(nβ)δ), (33)
⋆R = 2(2eα − 3aα)(aα)− 1
2
bαα, (34)
bαβ = 2nαγn
γ
β − nγγnαβ . (35)
Jacobi identities
e0(a
α) = −1
3
(δαβeβ + u˙
α + aα)(Θ) +
1
2
(eβ + u˙β − 2aβ)(σαβ)
−1
2
ǫαβγ(eβ + u˙β − 2aβ)(ωγ − Ωγ), (36)
e0(n
αβ) = −1
3
Θnαβ − (δγ(αeγ + u˙(α)(ωβ) − Ωβ)) + 2σ(αγnβ)γ
+δαβ(eγ + u˙γ)(ω
γ − Ωγ)− ǫγδ(α[(eγ + u˙γ)(σβ)δ)
−2nβ)γ(ωδ − Ωδ)], (37)
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e0(ω
α) = −2
3
Θωα + σαβω
β +
1
2
nαβu˙
β − ǫαβγ [ 1
2
(eβ − aβ)(u˙γ)
+ωβΩγ ], (38)
0 = (eβ − 2aβ)(nαβ)− 2
3
Θωα − 2σαβωβ + ǫαβγ [eβ(aγ)
+2ωβΩγ ], (39)
0 = (eα − u˙α − 2aα)(ωα). (40)
The Bianchi identities are given by
∇[aRbc]de = 0⇐⇒ −∇[a[Rcb] −
1
6
δcb]R] = −∇[a[T cb] −
1
3
δcb]T ], (41)
and can be expressed in terms of Eαβ and Hαβ and the 1+3 basis variables
associated with Tab
Bianchi identities
e0(µ) = −(µ+ p)Θ− (eα + 2u˙α − 2aα)(qα)− σαβπαβ , (42)
e0(q
α) = −4
3
Θqα − δαβeβ(p)− (µ+ p)u˙α − (eβ + u˙β − 3aβ)(παβ)
−σαβqβ + ǫαβγ [(ωβ +Ωβ)qγ + nβδπδγ ], (43)
e0(E
αβ +
1
2
παβ) = −1
2
(µ+ p)σαβ −Θ(Eαβ + 1
6
παβ)
−1
2
(δγ(αeγ + 2u˙
(α + a(α)(qβ)) + 3σ(αγ(E
β)γ − 1
6
πβ)γ) +
1
2
nγγH
αβ
+
1
3
δαβ
[
1
2
(eγ + 2u˙γ + aγ)(q
γ)− 3σγδ(Eγδ − 1
6
πγδ) + 3nγδH
γδ
]
+ǫγδ(α
[
(eγ + 2u˙γ − aγ)(Hβ)δ)− (ωγ − 2Ωγ)(Eβ)δ + 1
2
πβ)δ) +
1
2
nβ)γqδ
]
−3n(αγHβ)γ , (44)
e0(H
αβ) = −ΘHαβ + 3σ(αγHβ)γ − 3
2
ω(αqβ) − 1
2
nγγ(E
αβ − 1
2
παβ)
+3n(αγ(E
β)γ − 1
2
πβ)γ)− δαβ
[
σγδH
γδ − 1
2
ωγq
γ + nγδ(E
γδ − 1
2
πγδ)
]
−ǫγδ(α[(eγ − aγ)(Eβ)δ − 1
2
πβ)δ) + 2u˙γE
β)
δ − 1
2
σβ)γqδ
+(ωγ − 2Ωγ)Hβ)δ], (45)
0 = (eβ − 3aβ)(Eαβ + 1
2
παβ)− 1
3
δαβeβ(µ) +
1
3
Θqα − 1
2
σαβq
β
+3ωβH
αβ − ǫαβγ [σβδHδγ + 3
2
ωβqγ + nβδ(E
δ
γ +
1
2
πδγ)], (46)
0 = (eβ − 3aβ)(Hαβ)− (µ+ p)ωα − 3ωβ(Eαβ − 1
6
παβ)− 1
2
nαβq
β
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+ǫαβγ [
1
2
(eβ − aβ)(qγ) + σβδ(Eδγ + 1
2
πδγ)− nβδHδγ ]. (47)
For a prescribed set of matter equations of state, the commutators (16)-
(17), the Einstein field equations (29)-(32), the Jacobi identities (36)-(40) and
the Bianchi identities (42)-(47) form a complete set of tetrad relations, which
can be used to determine particular classes of solutions.
3 Relasticity
In this section we will use the formulation given in [10] for the theory of relativis-
tic elasticity . The theory of relativistic elasticity is based on a configuration
mapping ψ : M → X from the spacetime M to the three-dimensional material
space X , which represents the collection of particles of the material. The ma-
terial coordinates will be denoted by yA, A = 1, 2, 3, and let xµ represent the
coordinates in M . The material space X is equipped with a particle density
form nABC = n[ABC]. The mapping ψ describes the configuration of the mate-
rial and gives rise to a rank three matrix
(
yAµ
)
p
, p ∈ M, yAµ = ∂y
A
∂xµ
, which
is called the relativistic deformation gradient. The velocity field of matter uµ,
a future oriented, timelike unit vector field, which spans the one-dimensional
Kernel of the relativistic deformation gradient is defined by the conditions
yAµu
µ = 0, uµuµ = −1. The pulled-back density form
nµνρ = ψ
∗nABC = y
A
µy
B
νy
C
ρnABC (48)
can be used to define the flowline tangential particle current
nµ =
1
3!
ǫµνρσnνρσ, (49)
ǫµνρσ being the spacetime volume form associated with gµν . The particle density
n is such that nµ = nuµ, n =
√−nµnµ, ∇µnµ = 0 and satisfies
nµνρ = nǫµνρ, (50)
where ǫµνρ = ǫµνρσu
σ is the spatial volume form. Let ηAB be an n-dependent
tensor defined in X having ǫABC as its volume form The relation between ǫABC
and the particle density form nABC is given by nABC = nǫABC . The pulled-back
tensor ηµν = ψ
∗ηAB can be used to construct the strain tensor
sµν =
1
2
(hµν − ηµν), (51)
where hµν = gµν + uµuν . If sµν = 0, the material is said to be in a locally
unsheared state for some particle density n.
The energy density can be defined by µ = nǫ, where ǫ represents the energy
per particle. We assume that ǫ has a minimum value ǫ˜ under variations of
gAB = Ψ∗g
ab such that the particle density n is held fixed. This state is called
8
the unsheared state and in this case, when ǫ = ǫ˜, the tensor ηAB is such that
gACηCB = δ
A
B.
The stress-energy tensor for elastic matter is given by
Tµν = µuµuν + pµν , (52)
By specifying ǫ as a function of n and ηµν , the pressure tensor can be written
as
pµν = phµν + πµν (53)
where
p = n2
∂ǫ
∂n
, πµν = 2nηρ(µ
∂ǫ
∂ην)ρ
. (54)
This shows that the dependence of ǫ on the particle density n is directly
related to the isotropic pressure p, while the dependence on ηµν is directly
related to the anisotropic pressure tensor πµν . The energy density is a function
of only the number density if and only if the matter source corresponds to a
perfect fluid. In this last case the equation of state is µ = nǫ, p = n2 dǫ
dn
where
ǫ coincides with the unsheared quantity ǫ˜ which is the minimum energy per
particle at fixed particle density.
In the next section we will assume an equation of state where the energy per
particle depends on only one invariant of ηµν , namely the shear scalar given by
s2 =
1
36
[(
ηµµ
)3 − ηµνηνρηρµ − 24
]
. (55)
An equation of state that is compatible with the stress energy tensor (52)
can be written in the form
µ = µ˜+ ρ˜s2, (56)
where µ˜ is the unsheared energy density and ρ˜ is the modulus of rigidity. All
unsheared quantities are functions of n only.
For this class of equations of state the pressure tensor p takes the form
p = p˜+ (Ω˜− 1)ρ˜s2, p˜ = n2 dǫ˜
dn
, Ω˜ =
n
ρ˜
dρ˜
dn
, (57)
πµν =
1
6
ρ˜
[
(ηρρ)
2η〈µν〉 − ηρσηρ〈µην〉σ
]
, (58)
where the angle brackets 〈··〉 of an index pair denote the symmetric and traceless
part (with respect to hµν) of the pair, e.g. for a tensor tµν one has
t〈µν〉 = t(µν) −
1
3
tγγhµν . (59)
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4 Conformally flat metrics with elastic stress
energy tensor
It is well known that the Weyl tensor Cµνρσ vanishes iff the spacetime is con-
formally flat. By definition, the metric of a conformally flat spacetime can be
written as
ds2 = F 2(t, x, y, z)(−dt2 + dx2 + dy2 + dz2). (60)
All conformally flat solutions with a perfect fluid, an electromagnetic field,
or a pure radiation field are known.
4.1 A special case
Here we study the special case of conformally flat spacetimes with elastic energy-
momentum tensor (52), with an anisotropic traceless pressure tensor πµν that
is of the form
π33 = −2π11 = −2π22, (61)
with all other components being null. We will also assume that the conformal
factor F and the component π11 are functions of only one spatial coordinate,
i.e. F = F (z); π11 = π11(z).
We can relate the Ricci tensor components to the energy density, the isotropic
pressure and anisotropic pressure via (52) and (20). We choose to use the equiv-
alent formulation in terms of Ricci spinor components given its more compact
form. In doing so we obtain
Φ00′ = Φ22′ =
1
4
(µ+ p+ π33) (62)
Φ11′ =
1
8
(µ+ p+ π11 + π22 − π33) (63)
Φ12′ = Φ21′ = −Φ01′ = −Φ10′ = 1
4
(π13 − iπ23) (64)
Φ02′ = Φ20′ =
1
4
(π11 − π22 − i2π12) (65)
1
24
R =
1
24
(µ− 3p)− 1
6
Λ. (66)
On the lefthand side we have the Ricci spinor components and on the righthand
side we have the 1+3 components of the symmetric anisotropic pressure tensor
πab, the energy density scalar µ and isotropic pressure scalar p.
In the case under study the above relations simplify considerably as is shown
below
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Φ00′ = Φ22′ =
1
4
(µ+ p− 2π11), (67)
Φ11′ =
1
8
(µ+ p+ 4π11), (68)
1
24
R =
1
24
(µ− 3p)− 1
6
Λ, (69)
with all Ricci spinor components being null.
If we consider the coordinates (t, x, y, z) and the 1+3 basis
e0µ = uµ = (F (z), 0, 0, 0) ; e1µ = (0, F (z), 0, 0) ;
e2µ = (0, 0, F (z), 0) ; e3µ = (0, 0, 0, F (z)) , (70)
then the Ricci spinor components in this basis are:
Φ00′ = Φ22′ = −2Φ11′ = FzzF + 2F
2
z
2F 4
(71)
1
24
R = − Fzz
4F 3
. (72)
So that in this basis the fact that Φ22′ = −2Φ11′ implies by (67) and (68)
that µ+ p+ π11 = 0.
4.2 1+3 treatment of the special case
In the particular case described in this section, we assume that the pressure p,
the energy density µ and the only non null independent anisotropic pressure
component π11 are functions of one spatial coordinate z . Therefore, the fol-
lowing conditions must hold, in order for the commutators (16)-(17) acting on
these quantities to be satisfied
Ω1 = ω1 − σ23 (73)
Ω2 = ω2 + σ13 (74)
Θ = 3(σ11 + σ22) (75)
n23 = a1 (76)
n13 = −a2 (77)
n33 = 0, (78)
otherwise π11, p and µ must all be constant.
If we calculate the Bianchi identities (42)-(47), considering that (73)-(78),
obtained from the commutators, must hold, we get the following equations for
the 1+3 directional derivative e3 acting on p, µ and π11 as well as conditions
involving p, π11, µ, nαβ , aα, u˙α, ωα, σαβ , Ωα, Θ
11
µ+ p+ π11 = 0 or (σ11 = σ22 = σ12 = u˙1 = u˙2 = ω3 =
ω2 + σ13 = ω1 − σ23 = 0) (79)
n12 = n11 − n22 = 0 (80)
2(µ+ p)ω2 − (ω2 + 3σ13)π11 = 0 (81)
2(µ+ p)ω1 − (ω1 − 3σ23)π11 = 0 (82)
2e3(π11)− e3(p) = (µ+ p)u˙3 + 2(3a3 − u˙3)π11 (83)
3e3(π11) + e3(µ) = 9a3π11. (84)
In what follows we outline the cases that arise from condition (79).
Case A: µ+ p+ π11 = 0
Equations (73)-(78) obtained from the commutators and (79)-(84) resulting
from the Bianchi identities give Ω1 = Ω2 = n33 = n12 = n11−n22 = n13 + a2 =
n23 − a1 = a3 + u˙3 = ω1 − σ23 = ω2 + σ13 = 0 along with the ODE in the
variables p and µ
2e3(µ) + 3e3(p) = −9(µ+ p)u˙3. (85)
Within this case we will analyse the particular solution with n13 = a2 =
n23 = a1 = u˙1 = u˙2 = ω1 = ω2 = σ13 = σ23 = 0, which is described below as
case A*.
Case A*: µ + p + π11 = a3 + u˙3 = n11 − n22 = n12 = n33 = n13 = n23 =
Ω1 = Ω2 = a2 = a1 = u˙1 = u˙2 = ω1 = ω2 = σ13 = σ23 = 0.
The commutators give no extra information since they reduce to identities.
The Einstein equations (29)-(35) and the Jacobi identities (36)-(40) in this case
give
(σ11 + σ22)ω3 = 0 (86)
(σ11 − σ22)Ω3 = 3(σ11 + σ22)σ12 (87)
σ222 − σ211 =
4
3
σ12Ω3 (88)
(σ22 − σ11)2 = 4ω3(ω3 +Ω3)− 4σ212 (89)
µ+
3
2
p = −4(σ222 + σ211)−
11
2
σ11σ22 +
5
2
ω23 + ω3Ω3
+
1
2
Λ +
3
2
a23 −
5
2
σ212 (90)
e3(ω3) = −u˙3ω3 (91)
12
e3(Ω3) = −u˙3Ω3 (92)
e3(σ12) = (σ22 − σ11)n11 − u˙3σ12 (93)
e3(σ11) = −u˙3σ11 + 2n11σ12 (94)
e3(σ22) = −u˙3σ22 − 2n11σ12 (95)
e3(u˙3) = 5(σ
2
11 + σ
2
22) + 8σ11σ22 − 3u˙23 − 2ω23
−Λ + 1
2
(µ+ 3p) + 2σ212. (96)
The conditions in (86)-(89) give rise to the following three subcases:
Case A1*: Ωα = σ22 + σ11 = σ
2
11 + σ
2
12 − ω23 = 0
The solutions here have zero angular velocity Ωα = 0, rotation and shear
components satisfying σ211 = ω
2
3 − σ212, σ22 = −σ11, and a non zero acceleration
term where a3 = −u˙3. They are characterised by the following equations
e3(u˙3) = −3
2
u˙23 −
1
2
Λ− 1
2
µ (97)
e3(σ11) = −u˙3σ11 + 2n11σ12 (98)
e3(σ12) = −u˙3σ12 − 2n11σ11 (99)
µ+
3
2
p =
1
2
Λ +
3
2
u˙23. (100)
If we introduce the simple equation of state (56)-(58) in the previous equa-
tions we obtain the following ODE system in the variables σ11, σ12 and u˙3
e3(u˙3) = −3
2
u˙23 −
1
2
Λ − 1
2
µ˜− 1
2
ρ˜s2 (101)
e3(σ11) = −u˙3σ11 + 2n11σ12 (102)
e3(σ12) = −u˙3σ12 − 2n11σ11, (103)
along with the conditions on the unsheared quantities µ˜, p˜, Ω˜, ρ˜ and pull back
material metric ηαβ
µ˜+
3
2
p˜+
1
2
(3Ω˜− 1)ρ˜s2 = 1
2
Λ +
3
2
u˙23 (104)
π11 = −(µ˜+ p˜+ Ω˜ρ˜s2) = ρ˜
6F 2
[
(ηρρ)
2η〈11〉 − ηρσηρ〈1η1〉σ
]
(105)
ρ˜
[
(ηρρ)
2η〈22〉 − ηρσηρ〈2η2〉σ
]
= ρ˜
[
(ηρρ)
2η〈11〉 − ηρσηρ〈1η1〉σ
]
, (106)
where 〈11〉, 〈22〉 and 〈33〉 refer to spatial basis components in the basis (70).
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In fact, the tensorial equation (58) gives five independent scalar relations.
Assuming that ηµν has the same symmetries as the metric gµν , the three equa-
tions corresponding to 〈12〉, 〈13〉, 〈23〉 that do not appear above are trivially
satisfied.
Integration of this system, using the coordinates and basis indicated in (70),
shows that for a non null cosmological constant the only existing solution is
a perfect fluid (π11 = 0) with equation of state µ = −p, the conformal factor
taking the form F (z) = 1
αz+β , where α and β are real constants. However when
Λ = 0 the system allows for a solution with π11 6= 0
n11 = 0 (107)
u˙3 =
Fz
F 2
(108)
σ11 = σ12 = −σ22 = ±
√
2
2
ω3 =
C
F
(109)
µ˜+ ρ˜s2 =
−2FzzF + F 2z
F 4
(110)
p˜+ (Ω˜− 1)ρ˜s2 = 4FzzF + F
2
z
3F 4
(111)
ρ˜
[
(ηρρ)
2η〈11〉 − ηρσηρ〈1η1〉σ
]
=
4FzzF − 8F 2z
F 2
(112)
ρ˜
[
(ηρρ)
2η〈22〉 − ηρσηρ〈2η2〉σ
]
= ρ˜
[
(ηρρ)
2η〈11〉 − ηρσηρ〈1η1〉σ
]
, (113)
where F = F (z) is a real C2 non null function, and C is a real arbitrary constant.
Note that the shearing scalar s2 is given in terms of ηµν by (58).
In the absence of elasticity (s2 = ρ˜ = 0) the previous system produces a
perfect fluid solution with µ = −p and F (z) being the solution of the ODE
−FzzF+2F
2
z
F 4
= 0, i.e. F (z) = 1
αz+β with α, β real constants.
When π11, s
2, ρ˜ 6= 0 the elastic properties of this solution are described in
(110)-(113), which consists of a system in the n-dependent variables: the three
pull back material metric components η11, η22, η33, the conformal factor F , and
the unsheared quantities µ˜, p˜, ρ˜. Notice that we can take three of the variables
to be free. Working out equations (110)-(113) gives
µ˜+
ρ˜
36
[
(η11 + η22 + η33)
3 − (η311 + η322 + η333)
F 6
− 24
]
=
−2FzzF + F 2z
F 4
(114)
p˜+
(Ω˜− 1)ρ˜
36
[
(η11 + η22 + η33)
3 − (η311 + η322 + η333)
F 6
− 24
]
=
4FzzF + F
2
z
3F 4
(115)
ρ˜(η211 − η22η33)(η22 + η33) = 4FzzF 3 − 8F 2z F 2 (116)
14
η211(η22 + 2η33)− η222(η11 + 2η33) + η233(η11 − η22) = 0. (117)
In particular, the system admits a solution when η22 = η11. In this case, the
material metric is conformally flat. Notice that, if η33 = η22 = η11 then π11 = 0.
When η22 = η11, equation (117) is trivially satisfied and the system takes
the simpler form
µ˜+
ρ˜
36
[
(2η11 + η33)
3 − (2η311 + η333)
F 6
− 24
]
=
−2FzzF + F 2z
F 4
(118)
p˜+
(Ω˜− 1)ρ˜
36
[
(2η11 + η33)
3 − (2η311 + η333)
F 6
− 24
]
=
4FzzF + F
2
z
3F 4
(119)
ρ˜η11(η
2
11 − η233) = 4FzzF 3 − 8F 2z F 2. (120)
One can solve the previous system for η11, η33 and p˜. The solution gives a
relation between p˜, µ˜, Ω˜, F (z) and its derivatives up to second order and both
η11 and η33 expressed in terms of p˜, ρ˜ , Ω˜, F (z) and its derivatives up to second
order.
The space-times described in this subcase are inhomogeneous, rotating and
possess shear but no angular velocity nor expansion. Their elastic properties
are described in (118)-(120).
Case A2*: ωα = σ12 = σ22 − σ11 = 0
Here the space-times are non rotating ωα = 0 with shearing components
σ11 = σ22. The only non zero acceleration term satisfies a3 = −u˙3. Therefore,
(86)-(96) reduce to
e3(u˙3) =
9
2
σ211 −
3
2
u˙23 −
1
2
Λ − 1
2
µ (121)
e3(Ω3) = −u˙3Ω3 (122)
e3(σ11) = −u˙3σ11 (123)
µ+
3
2
p = −27
2
σ211 +
1
2
Λ +
3
2
u˙23. (124)
Introducing the simple equation of state (56)-(58) in the previous equations
we obtain the following ODE system in the variables σ11, Ω3 and u˙3
e3(u˙3) =
9
2
σ211 −
3
2
u˙23 −
1
2
Λ − 1
2
µ˜− 1
2
ρ˜s2 (125)
e3(Ω3) = −u˙3Ω3 (126)
e3(σ11) = −u˙3σ11 (127)
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along with the conditions
µ˜+
3
2
p˜+
1
2
(3Ω˜− 1)ρ˜s2 = −27
2
σ211 +
1
2
Λ +
3
2
u˙23 (128)
π11 = −(µ˜+ p˜+ Ω˜ρ˜s2) = ρ˜
6F 2
[
(ηρρ)
2η〈11〉 − ηρσηρ〈1η1〉σ
]
(129)
ρ˜
[
(ηρρ)
2η〈22〉 − ηρσηρ〈2η2〉σ
]
= ρ˜
[
(ηρρ)
2η〈11〉 − ηρσηρ〈1η1〉σ
]
. (130)
By integrating the system using the coordinates and basis indicated in (70)
we conclude that for a non null cosmological constant the only existing solution
is a perfect fluid (π11 = 0) with equation of state µ = −p, the conformal factor
taking the form F (z) = 1
αz+β , where α and β are real constants. In the case
where Λ = 0 the system has a solution with π11 6= 0
σ11 = 0 (131)
u˙3 =
Fz
F 2
(132)
Ω3 =
C1
F
(133)
µ˜+ ρ˜s2 =
−2FzzF + F 2z
F 4
(134)
p˜+ (Ω˜− 1)ρ˜s2 = 4FzzF + F
2
z
3F 4
(135)
ρ˜
[
(ηρρ)
2η〈11〉 − ηρσηρ〈1η1〉σ
]
=
4FzzF − 8F 2z
F 2
(136)
ρ˜
[
(ηρρ)
2η〈22〉 − ηρσηρ〈2η2〉σ
]
= ρ˜
[
(ηρρ)
2η〈11〉 − ηρσηρ〈1η1〉σ
]
, (137)
where F = F (z) is a real C2 non null function and C1 is an arbitrary real
constant.
Notice that equations (134)-(137) are the same as those in (110)-(113), so
that the elastic behaviour of the solution in this subcase is the same as that
of A1*. This subcase corresponds to a shearless, non expanding, non rotating,
inhomogeneous solution with vorticity.
Case A3*: σαβ = Ω3 + ω3 = 0
These space-times are shearless, possess rotation and angular velocity such
that the only non null components satisfy Ω3 = −ω3 and the non zero acceler-
ation term is a3 = −u˙3. Here the equations are given by
e3(u˙3) = −3u˙23 − 2ω23 − Λ +
1
2
(µ+ 3p) (138)
e3(ω3) = −u˙3ω3 (139)
µ+
3
2
p =
3
2
ω23 +
1
2
Λ +
3
2
u˙23. (140)
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Integration of this system using the coordinates and basis indicated in (70)
shows that the only solution for which π11 6= 0 has ω3 = 0, being therefore a
subcase of A1* with no shear nor rotation.
Case B: σ11 = σ22 = σ12 = u˙1 = u˙2 = ω3 = ω2 + σ13 = ω1 − σ23 = 0
The condition (79) obtained from the Bianchi identities seems to suggest
that another case exists when σ11 = σ22 = σ12 = u˙1 = u˙2 = ω3 = ω2 + σ13 =
ω1 − σ23 = 0. However when writing the full system (Bianchi, Jacobi and
Einstein equations) of equations in the coordinates and basis indicated in (70),
we must consider that in this basis µ + p + π11 = 0 as we show in subsection
4.1. We then conclude that this case represents a subcase of A*.
5 Summary
We have studied conformally flat spacetimes with a conformal factor depending
on only one spatial coordinate, considering a stress energy tensor having diag-
onal anisotropic pressure tensor with only one independent component. The
Bianchi identities and commutators in the 1+3 formalism give an ODE in the
pressure and energy density along with conditions for the 1+3 kinematical quan-
tities. The Jacobi identities and Einstein equations for a very simple case are
presented. The commutators applied to the directives of the quantities involved
give no extra information. These equations (Bianchi and Jacobi identities, Ein-
stein equations and commutators) form the complete system that characterises
this particular class of solutions. For non zero cosmological constant we obtained
only a perfect fluid solution for a particular conformal factor. Solutions to this
system for which the anisotropic pressure tensor is non zero are obtained. In
fact such solutions only exist for null cosmological constant. The elastic behav-
ior of these solutions can be characterised by a simple equation of state where
the energy per particle density depends only on the shear scalar which is an
invariant of the material metric. Unfortunately, all solutions obtained here have
null expansion. We suspect that among the wider class of spacetimes described
in case A it might be possible to find solutions with expansion. However, deal-
ing with the 1+3 complete system of equations, in that case, is a much harder
problem.
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